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^ ! Abstract 

i-Q ' We investigate the chiral odd generahzed parton distributions (GPDs) for the quantum fluctu- 

^ '. 
I~H ■ ations of an electron in QED. This provides a field theory inspired model of a relativistic spin 

\o 

1/2 composite state with the correct correlation between the different light-front wave functions 






X 



(LFWFs) in Fock space. We express the GPDs in terms of overlaps of LFWFs and obtain their 



Qh' representation in impact parameter space when the momentum transfer is purely transverse. We 

^ '. 

7^, ' show the spin-orbit correlation effect of the two-particle LFWF as well as the correlation between 

^\j , the constituent spin and the transverse spin of the target. 
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I. INTRODUCTION 

Generalized parton distributions (GPDs) contain a wealth of information about the nu- 
cleon structure (see l| for example). At zero skewness ^, if one performs a Fourier transform 
(FT) of the GPDs with respect to (wrt) the momentum transfer in the transverse direction 
A±, one gets the so called impact parameter dependent parton distributions (ipdpdfs), which 
give how the partons of a given longitudinal momentum are distributed in transverse posi- 
tion (or impact parameter b±) space. These obey certain positivity constraints and unlike 
the GPDs themselves, have probabilistic interpretation [2]. The x moment of the GPDs give 
the nucleon form factors. The ipdpdfs were first introduced in the context of the form fac- 

n 

tors in [3|]. Ipdpdfs are defined for nucleon states localized in the transverse position space 
at R±. In order to avoid a singular normalization constant, one can take a wave packet 
state. A wave packet state which is transversely polarized is shifted sideways in the impact 
parameter space [4]. This gives an interesting interpretation of Ji's angular momentum sum 
rule |5|]: the expectation value of the transverse spin operator receives contribution from 
the second x moment of both the GPDs H{x, 0, 0) as well as E{x, 0, 0); the term containing 
E{x,0, 0) arises due to a transverse deformation of the GPDs in the center of momentum 
frame and the term containing H{x,0, 0) arises due to an overall transverse shift when going 
from transversely polarized nucleons in the instant form to the front form. 

At leading twist, there are three forward parton distributions (pdfs), namely, the un- 
polarized, helicity and transversity distribution. Similarly, three leading twist generalized 
quark distributions can be defined which in the forward limit, reduce to these three forward 
pdfs. The third one is chiral odd and is called the generalized transversity distribution Frp. 
It is parametrized in terms of four GPDs, namely Ht, Ht, Et and Et in the most general 
way [4, Ig, |7|. Unlike E^ which gives a sideways shift in the unpolarized quark density in a 
transversely polarized nucleon, the chiral-odd GPDS affect the transversely polarized quark 
distribution both in unpolarized and in transversely polarized nucleon in various ways. Et 
does not contribute when skewness ^ = 0, as it is an odd function of ^. Ht reduces to 
the transversity distribution in the forward limit when the momentum transfer is zero. Un- 
like the chiral even GPDs, information about which can be and has been obtained from 
deeply virtual Compton scattering and hard exclusive meson production, it is very difficult 
to measure the chiral odd GPDs. At present there is only one proposal to get access to 



them through diffractive double meson production [8| . There is also a prospect of gaining 
information about their Mellin moments from lattice QCD. They have been investigated in 
a constituent quark model in |9|], where a model independent overlap in terms of LFWFs 
is also given. However, the chiral odd GPDs provide valuable information on the correla- 
tion between the spin and angular momentum of quarks inside the proton [7] and so it is 
worthwhile to investigate their general properties. 

Q 

The impact representation of GPDs has been extended to the chirally odd sector in [7|. 
In this work, we investi gate the chiral odd GPDs for the quantum fluctuations of a lepton in 
QED at one-loop order 10| , the same system which gives the Schwinger anomalous moment 
a/27r. One can generalize this analysis by assigning a mass M to the external electrons 
and a different mass m to the internal electron lines and a mass A to the internal photon 
lines with M < m + A for stability. In this work, we use M = m and A = 0. In effect, 
1 represent a spin--^ system as a composite of a spin-^ fermion and a spin-1 vector 



m 



we sha 

boson Uj, ll^, ll3|, ll4, ll5|- This model has the advantage that it is lorentz invariant, and has 
the correct correlation between the Fock components of the state as governed by the light- 
front eigenvalue equation. Also, it gives an intuitive understanding of the spin and orbital 
angular momentum of a composite relativistic system [16]. In the light-front gauge A'^ = 0, 
the GPDs are expressed as overlaps of the light-front wave functions (LFWFs). Because of 
Lorentz invariance, ^ dependence of the x moment of the GPDs gets canceled between the 
2 — 2 and 3 — 1 overlaps and one automatically gets the form factors as a function of the 



momentum transfer squared [l7l|. We take the skewness to be zero. 

The plan of the paper is as follows. In section II we calculate the chiral odd GPDs for 
a dressed electron state at one loop in QED. In section III we calculate the corresponding 
ipdpdfs. Conclusions are presented in section IV. 



II. CHIRAL ODD GENERALIZED PARTON DISTRIBUTIONS 

The chiral odd generalized quark distribution is parametrized as : 
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We have omitted the hehcity indices of the spinors. Here j = 1,2 are the transverse 
components, u{P) and u{P') are the initial and final state proton spinors respectively. 
The totally antisymmetric tensor is given by e+^^^ = —2. We use kinematical variables 
P = (1/2) (P + P'), A = P' -P,t = A^ = -iA±y. The r.h.s can be calculated using the 
LF spinors 
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where m is the mass of the fermion. In order to calculate the /. h. s. of the Eq. (12.11) . we 
use the two-component formalism in [18]. The 'good' light-front (LF) components of the 
fermion field are projected by ip^ = A'^ip with A='= = ^7^7^; 7=*= = 7° ± 7^. By taking the 



appropriate 7-matrix representation, one can write 



^+(y) 



Ciy) 




(2.4) 



with ( being a two-component field. 

We take the state | P, a) of momentum P and helicity a to be a dressed electron consisting 
of bare states of an electron and an electron plus a photon : 



P,a) =Af[b^{P,cr)\0) 
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Here a^ and b^ are bare photon and electron creation operators respectively and 02 is the 
two-parton wave function. It is the probability amplitude to find one electron plus photon 
inside the dressed electron state. 

We introduce Jacobi momenta Xj, gj-*" such that Y^iXi = 1 and J^iQi'^ = 0. They are 
defined as 

x, = ^, q^ = k^-x,P\ (2.6) 

Also, we introduce the wave function, 

^P2ix,,q^) = VP^Mkt,k,^y. (2.7) 

which is independent of the total transverse momentum P-*- of the state and boost invariant. 
The state is normalized as, 

{P', X' \P,X) = 2(2nfP+6x,ySiP+ - P'^)5\P^ - P'^). (2.8) 

The two particle wave function depends on the helicities of the electron and photon. Using 



the eigenvalue equation for the light-cone Hamiltonian, this can be written as 11 1 



(g^)2 + m2(l-a;)2^(l_2;)^2(27r)3 '^l-x x 

X J 

m is the bare mass of the electron, a^ = —a^ and a^ = a^. M gives the normalization of 
the state. Xa is the two component spinor for the electron and ef is the polarization vector 
of the photon. 

For ^ = 0, the momentum transfer is purely transverse, 

t = {P -P'f = -^\. (2.10) 

The two-particle contribution to the off forward matrix element is given in terms of 
overlaps of '?/'2ct' \'i^' ^ k'^) and ilj2ai a(^' k-^)^ where 

k'j_ = k± — {1 — x) Aj_ and x' = x ; (2.11) 

where a± = —a-*-. As ^ = 0, there are no particle number changing overlaps. 



Eq. (12.50 represents a state having definite momentum and light-front hehcity. The 
transversely polarized states can be expressed in terms of the hehcity states as 



^) = ^(IT)+li)); 



i/) = ^(IT) + ^li)); 



(2.12) 



where | x) and | y) denote states polarized in the x and y directions, respectively and |t (i)) 
denotes states with positive (negative) hehcity. The overlaps can be calculated for different 
hehcity configurations using the two-particle wave function given above. We get, 



F^(n) = Ht{x, 0, t) + ^^i^' °' ^^ (^A^) (Ai - ^A2) 
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F^(iT) = Ht{x, 0, t) + ^^i^' °' ^^ (-^A^) (Ai + zA^) 
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Here, ti (it) denotes the hehcity flip of the electron and tt (ii) means that initial state 
has the same hehcity as the flnal state. Only three of the above equations are needed 
to disentangle the three unknowns, Ht, Et and Ht- Similarly, the four different cases 
corresponding to j = 2 are given by. 



F|(Ti) = /fT(a:,0,t) + 



^T(a:,0,t) 
2im? 



(Ai)(Ai-zA2) 



X 



(27r)3 l-x 



[h + h + Ch] , 



(2.17) 



Flat) = -i7T(x,0,t) + ^^^^4^(-A0(Ai + zA2) 
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D = a{l-a){l-xyAi + m\l-x 
C = -2m\l-xy-{l-xyAl, 



(2.22) 



Li = {k^y-m\l-x)\ L2 = {k'^Y - m\l - xY . (2.23) 

A is the upper cutoff on transverse momentum. In [ij] , a lower cutoff, jj, has been imposed 
on the transverse momentum, due to which the logarithms in Ji and I2 are of the form 
log^. As here we have imposed a cutoff on x at x -^ 1 instead, the cutoff on kj_ is not 
necessary. F^dJ.) and F^df) receive contribution from the single particle sector of the 
Fock space, which is of the form A/'^(5(l — x) where N"^ is the normalization given by | V^i | 
in Eq. (3.6) of [13]. As we exclude a; = 1 by imposing a cutoff, we do not consider this 
contribution in this work. However, the single particle contribution cancels the singularity 
as a; -^ 1. This has been shown explicity in the forward limit in [l9(], namely for the 
transversity distribution hi{x). The coefficient of the logarithmic term in the expression 
of hi{x) gives the correct splitting function for leading order evolution of hi{x); the delta 
function providing the necessary 'plus' prescription. In the off forward case, the cancellation 
occurs similarly, as shown for F{x,C,,t) in IJ]. The behavior at x = 0, 1 can be improved 
by differentiating the LFWFs with respect to M^ [20!]. 



The first moment of {2Ht{x, 0, 0) + Et{x, 0, 0)) is normalized by 



dx{2HT{x, 0, 0) + Et{x, 0, 0)) = kt 



(2.24) 



wliere i^t gives by liow far the average position of quarks with spin in x is shifted in y di- 
rection in an unpolarized target relative to the transverse center of momentum. A sum rule 
equivalent to Ji's sum rule has been derived in ^, for the angular momentum J* carried 
by the quarks with transverse spin in an unpolarized target. This is related to the sec- 
ond moment of the chiral-odd GPDs, namely, / dxx[HT{x, 0, 0) + 2Ht{x, 0, 0) + Et{x, 0, 0)]. 
HxiXjOjO) = hi{x), the transversity distribution in the forward limit. In addition to the 
overall shift in the transversity asymmetry coming from Ht{x, 0, 0), the other term contain- 
ing {2Ht + Et) gives the deformation in the center-of-momentum frame due to spin-orbit 
correlation. 

The transverse distortion in the impact parameter space given by the GPD E has been 



shown to be connected with Sivers effect 



with Kt and Boer-Mulders effect |23| has been suggested in 



2l| in a model calcu 



ation 



Q. 



22l ]. Similar connection 



However, in [24], it has 



been shown that connection between transverse momentum dependent parton distributions 
and ipdpdfs does not exist in a model independent way. 

As shown in [7|, the term {Ht — -^Ht) represents the correlation between the trans- 
verse quark spin and the transverse spin of the nucleon itself. Namely, the density of trans- 
versely polarized quarks in a transversely polarized nucleon contain a term proportional to 
Ht — j^Ht- In the forward limit t = and this reduces to the transversity distribution 
i7y(x,0,0) = hi{x). 

In order to extract different combinations of the chiral-odd GPDs of phenomenological 
importance, we combine the above results to get. 
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FIG. 1: Plots of (a) Ft(+-, -+)(x,0, t) 

fixed values of ^/^ in MeV and (b) Ft(++, )(2;,0,t) = £^T(a;,0, t) + 2Ft(x,0, t) 

of a/^ in MeV. 



as a function of x for 
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The above equations show that Hx{x,0,t) = in this model. Analytic expressions for 
Ht{x, 0, t), Et{x, 0, t) and Ht{x, 0, t) are given in the appendix of [2J] in a quark model in 
terms of k^ integrals, where k^ is the transverse momentum of the quark. Apart from the 
overall color factors, our results agree with them. 

In fig. 1 (a), we have plotted Ht{x, 0, t) + 4^2' Ht{x, 0, t) for fixed values of t = — A^ 
and as a function of x. It increases with x at fixed t, the magnitude decreases with increasing 
A^^. We have taken j^^ = 1 and m = 0.5 MeV. The helicity flip contributions depend on 
the scale A which we have taken as 100 MeV. This is similar to the unpolarized distribution 
[12, ll3|. Note that the linear combination of the light- front helicity states here gives the 
overlap matrix element for the transversely polarized state. It is to be noted that both 
Eqs. (I2.25P and (12.261) reduce to the transversity distribution hi{x) in the forward limit 




as 



FIG. 2: Impact parameter dependent pdfs /r(H — , — \-){x,b±) = Tirixjb^) — -^:^7iT{x,b±) 
a function of | 6_l | for fixed values of x at (a) m = 0.5 MeV and (b) m = 0.8 MeV. | 6_l | is in 
MeV"^ 



calculated in [19|. Fig. 1(b) shows the plot of Et{x, 0, t) + 2Ht{x, 0, t) as a function of v^^ 
in MeV. Note that this quantity becomes x independent because of the (1 — x)^ present in 
the denominator of I3. This is a particular feature of the model considered. 



III. IMPACT SPACE REPRESENTATION 



The impact parameter dependent parton distributions are defined from the GPDs by 
taking a Fourier Transform (FT) in Aj^ as follows : 



^r(x,6x) = -^ I d^A^e-''^-^^HT{x,0,-A'_ 
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where b± is the impact parameter conjugate to A 
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FIG. 3: Impact parameter dependent pdfs /t(++; ){x,b±) = 

~^^'^^JdB ^T{x,b±) + 2TiT{x,b±) as a function of | 6^ | for different values of (j) aiid (a) 
m = 0.5 MeV and (b) m = 0.01 MeV . | 6_l | is in MeV"\ 



We can write, 
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Jo{bA) is the Bessel function. In fig. 2 we have plotted /t(H — , — \-){x, bj_) as a function of 
6_i_ for fixed x for two different values of the mass parameter m. It is peaked at 6_|_ = and 
falls away further from it. The peak increases as x increases. This quantity describes the 
correlation between the transverse quark spin and the target spin in a transversely polarized 
nucleon in impact parameter space. For an elementary Dirac particle, this would be a delta 
function at 6^ = 0. The smearing in transverse position space occurs due to the two-particle 
LFWF. 
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The transversity density of quarks is defined as 



6'q{x, bj 



cV 
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(3.6) 



Even for an unpolarized target, it can be non-zero (as shown in ^ using in a simple model). 
This is due to spin-orbit correlations in the quark wave function. If the quarks have orbital 
angular momentum then their distribution is shifted to one side. In an unpolarized nucleon, 
all orientations are equally probable and therefore, the unpolarized distribution is axially 
symmetric. However, if there is a spin-orbit correlation, then quarks with a certain spin 
orientation will shift to one side and those with a different orientation will shift to another 
side. 

This can be constructed from. 
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For computational purpose, we have used 
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In Fig. 3, we have plotted /r(++, ){x,bj_) as a function of b± for different values of 0. 

As stated before, in the simple model we consider, this quantity is independent of x. We 

took the constant phase factor (—i) out. The effect of this term is to shift the peak of the 

Q 
impact parameter space density (see eq. (8) of [7j) away from b± = 0. This shift clearly 

shows the interplay between the spin and the orbital angular momentum of the constituents 

of the two-particle LFWF. In order to understand the plots, consider a two-dimensional 

plane with bi and 62 plotted along the two axes. Fixed | b± \ denote concentric circles in 

this plane. From our plots, we see that the position of the peak of /^ is indepenent of and 

m. The magnitude of the peak increases as m increases. The magnitude and sign changes 

as changes, f^ would vanish at = ^ and ^. In 2-D 61 — 62 plane, the primary peak will 

lie on a circle and the secondary peak will lie on a concentric circle with larger radius. 
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IV. CONCLUSION 

In this work, we have studied the chiral-odd GPDs in impact parameter space in a self 
consistent relativistic two-body model, namel y fo r the quantum fluctuation of an electron 
at one loop in QED. In its most general form [10], this model can act as a template for the 
quark-spin one diquark light front wave function for the proton, although not numerically. 
Working in light-front gauge, we expressed the GPDs as overlaps of the light-front wave 
functions. We took the skewness to be zero. Only the diagonal 2 — i> 2 overlap contributes 
in this case. The impact space representations are obtained by taking Fourier transform 
of the GPDs with respect to the transverse momentum transfer. It is known [J, |7| that 
certain combinations of the chiral-odd GPDs in impact parameter space affect the quark 
and nucleon spin correlations in different ways. For example, the combination TIt — -^"Ht 
gives the correlation between the transverse quark spin and the target spin in a transversely 
polarized nucleon. On the other hand, the quantity eijbj-^{£T + 2'Ht) gives the spin-orbit 
correlation of the quarks in the nucleon. We have investigated both and have shown that due 
to the interplay between the spin and orbital angular momentum of the 2-particle LFWF, 
the distribution in the impact parameter space is shifted sideways. In a future work, we 
plan to investigate the various positivity constraints for the chiral-odd GPDs as well as the 
effect of non-zero skewness ^, when there is a finite momentum transfer in the longitudinal 
direction as well. 
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